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Abstract
We propose a novel prescription for computing the boundary stress tensor
and charges of asymptotically de Sitter (dS) spacetimes from data at early or
late time infinity. If there is a holographic dual to dS spaces, defined analogously
to the AdS/CFT correspondence, our methods compute the (Euclidean) stress
tensor of the dual. We compute the masses of Schwarzschild-de Sitter black
holes in four and five dimensions, and the masses and angular momenta of
Kerr-de Sitter spaces in three dimensions. All these spaces are less massive
than de Sitter, a fact which we use to qualitatively and quantitatively relate de
Sitter entropy to the degeneracy of possible dual field theories. Our results in
general dimension lead to a conjecture: Any asymptotically de Sitter spacetime
with mass greater than de Sitter has a cosmological singularity. Finally, if a dual
to de Sitter exists, the trace of our stress tensor computes the RG equation of
the dual field theory. Cosmological time evolution corresponds to RG evolution
in the dual. The RG evolution of the c function is then related to changes in
accessible degrees of freedom in an expanding universe.
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1 Introduction
There is no good local notion of energy in a gravitating spacetime. Nevertheless,
there is a notion of mass, or total energy, which can be computed from the effects
of matter on spacetime geometry [1]. Heuristically, the deviation of the metric and
other fields near spatial infinity from their form in the vacuum provides a measure of
mass, angular momentum and other conserved charges. Equivalently, these charges
can be computed from the asymptotic symmetries of a spacetime; e.g., the eigenvalue
of an asymptotic timelike Killing vector will give a measure of mass.
There are two basic obstacles to applying this well-understood philosophy to de
Sitter space. First, there is no spatial infinity – the asymptotic regions of de Sitter
are Euclidean surfaces at early and late temporal infinity (I±) [2]. Second, there is
no asymptotic Killing vector that is globally timelike.
In this article, we will evade these obstacles by computing the quasilocal stress
tensor of Brown and York [3] on the Euclidean surfaces at I±, and by using this
quantity to define a novel notion of mass, and other charges appropriate to the
asymptotic symmetries.1 Our methods are strongly reminiscent of the computation
of conserved charges in a conformal field theory. If de Sitter is dual to a Euclidean
CFT [6, 7, 8, 9, 10] defined in a manner analogous to the AdS/CFT correspon-
dence [11, 12] we are computing the energy and charges of states of the dual.
We use our stress tensor to display the asymptotic conformal isometries of dS3 and
compute the central charge (c) of the symmetry algebra. In three dimensions, with
a positive cosmological constant, there are no black holes, but there is a spectrum
of spinning conical defects [13]. We derive these solutions as quotients of dS3 and
then compute their masses (M) and angular momenta (J). The conical defects are
less massive than de Sitter space. Remarkably, naively entering c, M and J into the
Cardy formula of a hypothesized 2d CFT dual exactly reproduces the entropy of the
cosmological horizon of these spaces. Related uses of the Cardy formula to study
dS3 entropy appear in work by Park [13] and, more recently, [14]. Here we point out
several subtleties that face this reasoning, and some potential resolutions.2
We proceed to compute the masses of the Schwarzschild-de Sitter black holes in
4 and 5 dimensions. (See [15] for related discussions.) We find that de Sitter space
is more massive than the black hole spacetimes. In fact, this is a qualitative feature
necessary for de Sitter entropy to have an interpretation in terms of the degeneracy
of a dual field theory defined in the AdS/CFT mode. As Bousso has emphasized, the
entropy of de Sitter space is an upper bound on the entropy of any asymptotically
de Sitter spacetime [20]. Since field theories generically have entropies that increase
1Other interesting approaches to defining mass in de Sitter space include [4] and [5] which inves-
tigate possible positive mass theorems. The latter works define mass by using timelike conformal
Killing vectors of de Sitter space.
2Other approaches to de Sitter entropy have been suggested in [16, 17, 18, 19].
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with energy, a dual description of dS entropy should map larger Schwarzschild-dS
black holes into states of lower energy, precisely as we find here. Indeed, the largest
black hole in de Sitter space (the Nariai black hole [21]) has the least mass.
Following Bousso [20] we expect that asymptotically de Sitter spaces with entropy
greater than de Sitter do not exist. Therefore, since our mass formula increases
monotonically with entropy, we arrive at a conjecture:3
Any asymptotically de Sitter space whose mass exceeds that of de Sitter
contains a cosmological singularity.
Given a holographic dual to asymptotically de Sitter space, the trace of our stress
tensor computes the dual RG equation. We therefore arrive at a remarkable picture:
RG evolution of the dual is time evolution in an expanding universe4. The evolution of
the central charge in the dual is directly related to the changing number of accessible
degrees of freedom in spacetime. The field theory c-theorem is related to properties of
the Raychaudhuri equation in gravity, in analogy with the properties of holographic
RG flows in the AdS/CFT correspondence [23, 24, 25, 26].
We conclude the paper with a discussion of prospects for finding a holographic
dual to de Sitter space. The material in this article has been presented at a variety
of conferences and workshops (see Acknowledgments). While the text was being
prepared, we received a number of preprints addressing various related aspects of de
Sitter physics [27].
2 Boundary stress tensor, mass and conserved charges
To date there is no completely adequate proposal for measuring the mass of asymp-
totically de Sitter spaces. The classic work of Abbott and Deser remains the basic
technique [28], but is a perturbative approach measuring the energy of fluctuations.
In AdS space, the Brown-York boundary stress tensor [3], augmented by countert-
erms inspired by the duality with a CFT [29, 30, 31], led to a particularly convenient
method of computing the mass of asymptotically AdS spacetime. Here we argue that
a similar approach applies to de Sitter space.
In d+ 1 dimensions, spaces with a positive cosmological constant solve equations
of motions derived from the action
IB = − 1
16πG
∫
M
dd+1x
√−g (R + 2Λ) + 1
8πG
∫ ∂M+
∂M−
ddx
√
hK (1)
3As we will see below, we could have chosen to define the classical stress tensor of de Sitter space
with the opposite sign. With this definition, we would find that de Sitter space has a lower mass than
the black hole spacetimes and our conjecture becomes a positive mass conjecture for non-singular
asympototically de Sitter spacetimes – i.e., that de Sitter space itself has the lowest mass among
such spaces.
4As this paper was being typed, the same point was made by Strominger [22].
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Here M is the bulk manifold, ∂M± are spatial boundaries at early and late times,
gij is metric in the bulk of spacetime, and hµν and K are the induced metric and the
trace of the extrinsic curvature of the boundaries. In de Sitter space the spacetime
boundaries I± are Euclidean surfaces at early and late time infinity. The notation∫ ∂M+
∂M− d
2x indicates an integral over the late time boundary minus an integral over
the early time boundary which are both Euclidean surfaces.5 The extrinsic curvature
boundary term is necessary to allow a well-defined Euler-Lagrange variation.
It will be convenient to define a length scale
l =
√
d(d− 1)
2Λ
. (2)
In terms of l, the vacuum de Sitter solution to equations of motion derived from (1)
is
ds2 = −dt2 + l2 cosh2(t/l) (dΩ2d) (3)
where equal time sections are d-spheres. The same space admits a coordinate system
where equal time surfaces are flat:
ds2 = −dτ 2 + e 2τl d~x2 = l
2
η2
[−dη2 + d~x2] , (4)
with τ ∈ [−∞,+∞] while η ∈ (0,∞]. This patch only covers half of de Sitter space,
extending from a “big bang” at a past horizon to the Euclidean surface at future
infinity. By replacing τ by −τ a patch which covers the other half of de Sitter (from
past infinity to a future horizon) can be obtained. We will refer to these two patches
as the “big bang” and the “big crunch” patches. Finally, an inertial observer in de
Sitter space sees a static spacetime with a cosmological horizon:
ds2 = −(1− r
2
l2
) dt2 + (1− r
2
l2
)−1 dr2 + r2 dΩ2d−1 . (5)
The relations between these coordinate patches and Penrose diagrams are presented
in Hawking and Ellis [2] and references therein.
We can formally “Wick rotate” from a positive to a negative cosmological con-
stant by the analytic continuation l → i l. This formal transformation (sometimes
accompanied by additional Wick rotations of some of the coordinates) takes patches
of de Sitter into patches anti-de Sitter space. For example, the static path (5) ro-
tates to global AdS. Likewise, by redefining eτ/l = r/l and carrying out some formal
analytic continuations gives the Poincare´ patch of AdS. Tracking these continuations
through the classic computations of properties of AdS spaces gives a powerful method
of inferring some aspects of de Sitter physics.
5We follow the conventions of Brown and York [3] for the boundary terms and those of [30] for
the bulk term.
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A finite action: In general the action (1) is divergent when evaluated on a solution
to the equations of motion, because of the large volume at early and late times. For
example, the late time region of the inflationary big bang patch makes a divergent
contribution to the action. Specifically, if we cut time off at a large time t, the leading
term in the 3 dimensional action (d+ 1 = 3) is
I =
1
8πG
∫
d2x e2t/l
(−1
l
)
+ finite (6)
which diverges as t → ∞. (The same applies to the early time region of the infla-
tionary big crunch patch.) Mottola and Mazur [33] have shown that the results of
Fefferman and Graham [34] and Henningson and Skenderis [29] on the asymptotics
of spaces with a negative cosmological constant can be extended to spaces with a
positive cosmological constant. Combining their results with the reasoning in [29, 30]
shows that the divergences of the action (1) can be canceled by adding local boundary
counterterms that do not affect the equations of motion.
For example, in three dimensions the improved action
I = IB +
1
8πG
∫
∂M+
d2x
√
h
1
l
+
1
8πG
∫
∂M−
d2x
√
h
1
l
(7)
has the same solutions as (1) but is finite for asymptotically de Sitter spaces. Indeed,
the counterterms in (7) clearly cancel the divergent terms of the bare action in infla-
tionary coordinates. In analogy with AdS, if we place boundary conditions requiring
asymptotically dS spaces to approach the de Sitter background sufficiently quickly at
early and late times, the divergences of the classical action will cancel.
In all dimensions the action has a class of divergences that are powers of the
conformal time coordinate η appearing in (4). In 3, 4 and 5 dimensions these are
cancelled by the counterterms
Ict =
1
8πG
∫
∂M+
d2x
√
hLct +
1
8πG
∫
∂M−
d2x
√
hLct (8)
Lct =
(d− 1)
l
− l
2
2(d− 2)R (9)
The second counterterm only applies when d+1 > 3. Here R is the intrinsic curvature
of the boundary surface, and calculations are performed by cutting off de Sitter space
at a finite time, and then letting the surface approach infinity. In odd dimensions
there is one additional divergence that is logarithmic in the conformal time η. This
divergence cannot be cancelled without including an explicit cutoff dependence in the
counterterm action, thereby leading to a conformal anomaly. In the situations we
study the anomaly and the associated logarithmic divergence vanish and so we will
neglect it here. See [29, 32] for a detailed discussion of this issue in the framework of
the AdS/CFT correspondence. It would be interesting to repeat the analysis of [35] to
derive the counterterms (9) for general dimensions from the Gauss-Codazzi equations
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for spaces with a positive cosmological constant. Likewise, the analysis of logarithmic
divergences in [32] should be extended to de Sitter.
Boundary stress tensor: In AdS space, the Brown-York prescription [3, 30] was
used to compute a quasilocal boundary stress tensor that measures the response of
the spacetime to changes of the boundary metric. We can carry out an analogous
procedure in de Sitter space to compute a Euclidean boundary stress tensor on the
spacetime boundary. First, write the spacetime metric in ADM form as
ds2 = gij dx
i dxj = −N2t dt2 + hµν (dxµ + V µ dt) (dxν + V ν dt) (10)
Then hµν is the metric induced on surfaces of fixed time, and choosing u
µ to be the
future pointing unit normal to these surfaces, we can compute the extrinsic curvature
Kµν = −hiµ∇iuν (11)
and its trace K. (Here the index on hµν is raised by the full metric gij .) The
Euclidean quasilocal stress tensor of de Sitter space is given by the response of the
action, evaluated on the space of classical solutions, to variations of the boundary
metric. We can evaluate these variations either on an early or late time boundary,
getting the stress tensors
T+µν =
2√
h
δI
δhµν
= − 1
8πG
[
Kµν −K hµν − (d− 1)
l
hµν − l
(d− 2) G
µν
]
, (12)
T−µν =
2√
h
δI
δhµν
= − 1
8πG
[
−Kµν +K hµν − (d− 1)
l
hµν − l
(d− 2) G
µν
]
,(13)
where the term proportional to Gµν , the Einstein tensor of the boundary geometry,
only appears when d+1 > 3. The last two terms in (12) and (13) come from variation
of the counterterms in (8). To obtain the boundary stress tensor we evaluate (12) at
fixed time and send the time to infinity so that the surface approaches the spacetime
boundary. The two equations (12) and (13) appear to give different stress tensors
because of the relative signs of terms. In fact, in empty de Sitter space they are
evaluating identical quantities – the difference in signs occurs because the extrinsic
curvature K is evaluated with respect to a future pointing timelike normal leading
to some sign changes between early and late time surfaces. For this reason, we will
simply drop the ± and use Tµν ≡ T+µν in the examples we study. Note also that
there are some sign differences between (12) and the quasilocal stress tensor in AdS
space [30]. These arise, following Brown and York [3], from some differences between
the treatment of timelike and spacelike boundaries.
Since we are working on the Euclidean surface at I±, we could equally well
have chosen to define the stress tensors in (12) and (13) with the opposite sign as
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(−2/√h) δI/δhµν . This alternative sign does not change any essential physics – we
will point out the slightly different interpretations that follow in various places.
It is worth working out some examples of the stress tensor which we will have
use of later. An equal time surface of the inflating patch (4) in 3 dimensions is the
infinite Euclidean plane. Evaluating the stress tensor (12) on this surface gives
T µν = − 1
8πGl
e−2t/l +
1
8πGl
e−2t/l = 0 (14)
Here the bare stress tensor canceled exactly against the counterterm. By contrast, in
global coordinates, the boundary stress tensor of dS3 is
T µν =
e−t/l
8πG l3 cosh3(t/l)
(
1 0
0 1/ sin2 θ
)
; T =
1
4πGl
e−t/l
cosh(t/l)
, (15)
where T is the trace of the stress tensor. Notice that the stress tensor vanishes
exponentially for t→∞.
Mass and other conserved charges: In a theory of gravity, mass is a measure
of how much a metric deviates near infinity from its natural vacuum behavior; i.e.,
mass measures the warping of space. The boundary stress tensor (12) computes the
response of the spacetime action to such a warping and thereby encodes a notion of
mass. Inspired by the analogous reasoning in AdS space [3, 30], we propose a notion
of mass for an asymptotically de Sitter space. We can always write the metric hµν on
equal time surfaces in the form:
hµν dx
µ dxν = N2ρ dρ
2 + σab (dφ
a +NaΣ dρ) (dφ
b +N bΣ dρ) (16)
where the φa are angular variables parametrizing closed surfaces around an origin. Let
ξµ be a Killing vector generating an isometry of the boundary geometry. Following [3,
30] we can define the conserved charge associated to ξµ as follows. Let nµ be the unit
normal on a surface of fixed ρ and define the charge
Q =
∮
Σ
dd−1φ
√
σ nµξµ Tµν (17)
In our computation ρ will always be the coordinate associated with the asymptotic
Killing vector that is timelike inside the static patch, but spacelike at I±. It would
be interesting to compare this notion of a conserved charge in de Sitter space to that
defined by Abbott and Deser [28].
An important difficulty facing the definition of mass in de Sitter space is the
absence of a globally timelike Killing vector. However, as is evident from (5), there is
a Killing vector that is timelike inside the static patch, while it is spacelike outside the
cosmological horizon and therefore on I±. Any space that is asymptotically de Sitter
will have such an asymptotic symmetry generator. We can adapt the coordinates
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(16) so that “radial” normal nµ is proportional to the relevant (spacelike) boundary
Killing vector ξµ. Then, we propose that an interesting and useful notion of the mass
M of an asymptotically de Sitter space is:
M =
∮
Σ
dd−1φ
√
σNρ ǫ ; ǫ ≡ nµnν Tµν , (18)
where we normalized the Killing vector in (17) as ξµ = Nρn
µ. Likewise, we can define
momenta
Pa =
∮
Σ
dd−1x
√
σ ja ; ja = σab nµ T
aµ . (19)
We compute this formula on a surface of fixed time and then send time to infinity so
that it approaches the spacetime boundaries at I±.
Below we will investigate the meaning of the de Sitter stress tensor and conserved
charges in various dimensions.
3 Three dimensional cosmological spacetimes
3.1 More on Classical Solutions
We seek an interesting class of solutions to 2+1 dimensional gravity with a positive
cosmological constant on which to test our stress tensor and definition of mass. In
3 dimensions black holes only exist when there is a negative cosmological constant,
but when Λ > 0 we can find a class of spinning conical defects which we will refer
to as the Kerr-de Sitter spaces following Park [13]. These spaces have been discussed
before (see, e.g., [36, 13, 17]), but we will derive them below as quotients of dS3. For
convenience we will set the de Sitter scale to 1 (l = 1) and will restore it later by
dimensional analysis.
Three dimensional de Sitter space is the quotient SL(2, C)/SL(2, R), and any
solution of the field equations looks locally the same. Thus the general solution will
locally look like SL(2, C)/SL(2, R), but can be subject to various global identifica-
tions. In particular, we can consider solutions of the form Γ\SL(2, C)/SL(2, R) for
some discrete subgroup Γ of SL(2, C). If the discrete subgroup is generated by a sin-
gle element of SL(2, C), there are two possibilities. Up to conjugation, the generator
can be of the form (
q 0
0 q−1
)
or
(
1 a
0 1
)
(20)
The second case appears to correspond to solutions that look like the inflationary
patch (4), but with the complex plane replaced by a cylinder. We will restrict our
attention to solutions that correspond to identifications of the first type.
An element of dS3 = SL(2, C)/SL(2, R) can be written as
M =
(
u iα
iβ u¯
)
, u u¯+ αβ = 1, α, β ∈ R , (21)
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in terms of which the metric is simply
ds2 = du du¯+ dα dβ . (22)
SL(2, C) acts on M as
M →
(
a b
c d
)
M
(
d¯ −b¯
−c¯ a¯
)
(23)
Setting q = exp(π(r− + ir+)), the identifications Γ imposes on dS3 are, in terms
of the two by two matrix parametrization, given by
(
u iα
iβ u¯
)
∼
(
e2piir+u ie2pir−α
iβe−2pir− u¯e−2piir+
)
. (24)
To achieve such an identification, we parametrize the two by two matrix as
(
u iα
iβ u¯
)
=
(
eir+φ
√
1− αβ ier−φα
iβe−r−φ e−ir+φ
√
1− αβ
)
(25)
and take φ to be a periodic variable with period 2π. The coordinates α, β have to
satisfy αβ ≤ 1.
The metric of (25) is of the form
ds2 = (r2+ − αβ(r2+ + r2−))dφ2 + . . . (26)
from which we see that in the region αβ > r2+(r
2
+ + r
2
−)
−1 the circle parametrized by
φ becomes timelike. Therefore, we should remove this unphysical region.
The region 0 ≤ αβ ≤ r2+(r2+ + r2−)−1 with α, β > 0 can be parametrized as
(
u iα
iβ u¯
)
=
1√
r2+ + r
2−

 ei(r+φ+r−t)
√
r2 + r2− ie
r
−
φ−r+t
√
r2+ − r2
ie−r−φ+r+t
√
r2+ − r2 e−i(r+φ+r−t)
√
r2 + r2−

 . (27)
The Kerr-dS metric derived from this reads
ds2 = −(r
2 + r2−)(r
2
+ − r2)
r2
dt2 +
r2
(r2 + r2−)(r2+ − r2)
dr2 + r2(dφ+
r+r−
r2
dt)2 (28)
which looks very similar to that of the BTZ black hole [37] of 3d gravity with Λ < 0.
There is a horizon at r = r+ of circumference 2πr+. The metric can be continued to
r2 > r2+, where the roles of t and r are interchanged, so that the metric looks like
ds2 = − r
2
(r2 + r2−)(r2 − r2+)
dr2 + r2(dφ+
r+r−
r2
dt)2 +
(r2 + r2−)(r
2 − r2+)
r2
dt2 . (29)
At large |r| this resembles the region close to I± in the Penrose diagram of dS3.
Altogether, the Penrose diagram of the Kerr de Sitter space is similar to the Penrose
9
diagram of de Sitter space, with static patches of the form (28), and two regions near
past and future infinity. Near I− the metric (28) becomes
ds2 ∼ −dr
2
r2
+ r2(dφ2 + dt2) (30)
and the spacelike slices are cylinders. In contrast to the case of dS3, the points at
t → ±∞ of the cylinder are not part of space-time. The topology of Kerr de Sitter
space is R2 × S1, whereas the topology of global de Sitter space is R× S2.
The metric (28) with r− = 0
ds2 = −(r2+ − r2) dt2 +
dr2
(r2+ − r2)
+ r2 dφ2 (31)
is a conical defect, with deficit angle 2π(1 − r+), describing a world with a positive
cosmological constant and a pointlike massive observer. When r+ = 1 we reproduce
global dS3. As in AdS3, it is interesting task whether the spacetimes with r+ > 1 (in
effect, “conical excesses”) make sense. In AdS3, the AdS/CFT correspondence tells
us such spaces should be unphysical, so we might expect that the situation in dS3 is
similar.
Another interesting limit is r+ → 0, where the deficit angle becomes 2π. In this
limit, the parametrization we used so far is inadequate. A convenient alternative is
(
u iα
iβ u¯
)
=
(
eiψ
√
1 + t2 ier−φt
ie−r−φt e−iψ
√
1 + t2
)
. (32)
Here, both ψ and φ are periodic variables. The metric derived from (32) reads
ds2 = − 1
1 + t2
dt2 + (1 + t2)dφ2 + r2−dψ
2. (33)
The geometry represents a torus that is contracted to a circle as t → 0. The metric
for −∞ < t ≤ 0 is a kind of big crunch solution, the metric for 0 ≤ t < ∞ is a big
bang type solution. The topology in each case is that of a solid two-torus, exactly
the same as that of the BTZ black hole.
More general big bang/big crunch solutions exist, with metric of a form identical
to (29),
ds2 = − t
2
(t2 + r2−)(t2 − r2+)
dt2 + t2(dφ+
r+r−
t2
dr)2 +
(t2 + r2−)(t
2 − r2+)
t2
dr2. (34)
(Here r is periodic, and so the solution solution cannot be continued through a horizon
unlike (29).) It would be interesting to see whether there exists a change of coordinates
which takes this metric to a form similar to the static patch of de Sitter space. An
important difference is that we now require that both r and φ are periodic variables.
Therefore, the metric cannot be extended to −r+ < t < r+. For t ≤ −r+ the metric
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(34) is again some kind of big crunch solution, with a torus contracting to a circle,
whereas for t ≥ r+ it is a big bang like solution.
The metric for the Kerr-de Sitter solution can be conveniently rewritten as
ds2 = −(8Gm− r
2
l2
+
(8GJ)2
4r2
)dt2+(8Gm− r
2
l2
+
(8GJ)2
4r2
)−1dr2+ r2(−8GJ
2r2
dt+dφ)2 .
(35)
3.2 Mass and angular momentum of Kerr-dS spacetimes
We begin by studying the Kerr-dS metric with J = 0. These are the conical defect
spacetimes appearing in (31), approaching empty de Sitter when 8Gm = 1. For these
spaces, there is a basic subtlety in evaluating the boundary stress tensor of dS3 that
enters the candidate mass formula (18). In the region r < l
√
8Gm, equal t surfaces
of (35) approach the cosmological horizon (rather than I± at early and late times).
By contrast, when r > l
√
8Gm, r becomes timelike while t is a spatial direction, and
large r surfaces approach I±. Since we propose to define the stress tensor and mass
at I±, we will evaluate these quantities on surfaces of large fixed r which therefore lie
outside the cosmological region accessible to the observer creating the conical defect
in (31).
An equal time surface of the conical defect spacetimes outside the cosmological
horizon (r > l
√
8Gm) has a metric
ds2 = (
r2
l2
− 8Gm) dt2 + r2 dθ2 . (36)
We can evaluate the stress tensor (12) on this surface and compute the mass (18);
each step is almost identical to the analogous AdS computations [30]. As r → ∞
(recall r is timelike now) we find
M =
1
8πG
∮
dθ
8Gm
2
=
8Gm
8G
= m (37)
Setting 8Gm = 1 we find that dS3 is assigned a mass of 1/8G.
Surprisingly, we are finding that the conical defects have lower mass than pure de
Sitter space. We might interpret this as follows. Even if the matter making up the
defects itself has positive energy, the binding energy to the gravitational background
can decrease the total energy. In particular, a conical defect “swallows up” a part of
the spacetime and thereby appears to reduce the net amount of energy stored in the
cosmological constant.
The computation of the Brown-York boundary stress tensor for the general Kerr-
de Sitter spacetime parallels the analogous computation for the BTZ black hole [30].
Specifically, if
ds2 = − l
2
r2
dr2 +
r2
l2
(dτ 2 + dx2) + δgMNdx
MdxN (38)
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one finds that the mass and the angular momentum are given by the following ex-
pressions
M =
l
8πG
∫
dx
[
r4
2l5
δgrr +
1
l
δgxx − r
2l
∂rδgxx
]
(39)
and
Px = − l
8πG
∫
dx
[
1
l
δgτx − r
2l
∂rδgτx
]
(40)
where in the case of the Kerr-de Sitter solution
δgrr =
8Gml4
r4
, δgττ = 8Gm, δgτφ = −4GJ (41)
with x = lφ and φ ∈ [0, 2π]. Thus the final result is
M = m ; Pφ = J . (42)
As a cross-check, note that we recover the mass M = 1
8G
of de Sitter if we set J = 0
and m = 1
8G
.
Our computation of the mass and angular momentum of the Kerr-dS spaces is
strongly reminiscent of the techniques of Euclidean conformal field theory. The mas-
sive spinning defect intersects a point on the Euclidean surface at I+ which is inside
the cosmological horizon and excised from the exterior region. We find the charges
carried by the defect performing a contour integral around this excised point. This
computation mimics the usual CFT procedure of inserting an operator at the origin
around which we integrate to compute charges.
4 Conformal symmetries and entropy of dS3
We will now employ the boundary stress tensor developed in the previous section to
the study of the symmetry group of asymptotically dS3 spaces. We will first study the
SL(2, C) isometry group and then the group of asymptotic conformal symmetries.
4.1 Isometries
We will set the de Sitter scale l to 1, restoring it as needed by dimensional anal-
ysis. In (21,22) we indicated how dS3 can be represented as the group manifold
SL(2, C)/SL(2, R). We can represent each of the three metrics for de Sitter that
we discussed earlier (inflating, global and static) in terms of the matrix M . Global
coordinates for dS3 (3) correspond to parametrizing M as
M =
(
cosh t sin θ eiφ i(sinh t+ cosh t cos θ)
i(− sinh t+ cosh t cos θ) cosh t sin θ e−iφ
)
, (43)
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with induced metric ds2 = −dt2 + cosh2 t(dθ2 + sin2 θdφ2). The big bang inflationary
patch (4) corresponds to α > 0. This is parametrized as
M =
(
etz iet
i(e−t − etzz¯) etz¯
)
=⇒ ds2 = −dt2 + e2tdzdz¯. (44)
Similarly, one can parametrize the big bang/big crunch and inflationary patches cor-
responding to α < 0, β > 0 and β < 0. A static patch (5) is covered by α > 0, β > 0.
The matrix M is parametrized as
M =
(
eiφr iet
√
1− r2
ie−t
√
1− r2 e−iφr
)
=⇒ ds2 = −(1− r2)dt2+ 1
1− r2dr
2+ r2dφ2 .
(45)
SL(2, C) Action: One convenient feature of the parametrization in terms of the
matrix M is that it is easy to describe action of the SL(2, C) isometry group on the
coordinates via (23). From this we get the relevant Virasoro action in the different
patches. Notice that the actual real generators are of the form αLi + α¯L¯i, where L¯i
is the complex conjugate of Li. For the global patch we get
L−1 =
i
2
e−iφ(cot θ +
tanh t
sin θ
)∂φ − 1
2
e−iφ sin θ∂θ
−1
2
e−iφ(cosh t+ cos θ sinh t)∂t (46)
L0 =
i
2
∂φ +
1
2
cos θ∂θ − 1
2
sin θ tanh t∂t (47)
L1 = − i
2
eiφ(cot θ − tanh t
sin θ
)∂φ +
1
2
eiφ sin θ∂θ
+
1
2
eiφ(− cosh t+ cos θ sinh t)∂t (48)
In the inflationary patch we obtain
L−1 = −∂z (49)
L0 =
1
2
∂t − z∂z (50)
L1 = z∂t − z2∂z − e−2t∂z¯ (51)
and in the static patch
L−1 = − 1
2r
(1− r2)1/2et−iφ(∂t − 2r∂r) + ir
2
(1− r2)−1/2et−iφ∂φ (52)
L0 =
1
2
∂t +
i
2
∂φ (53)
L1 =
1
2r
(1− r2)1/2e−t+iφ(∂t + 2r∂r)− ir
2
(1− r2)−1/2e−t+iφ∂φ . (54)
In particular, we see that in the static patch, L0 + L¯0 = ∂t.
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4.2 Asymptotic conformal symmetry
Brown and Henneaux [38] specified boundary conditions for asymptotically AdS3
spaces that admitted a well defined algebra of diffeomorphisms. These continue to
boundary conditions at future or past infinity of dS3, defining an asymptotically de
Sitter geometry. Working in the inflating coordinate system (4) we obtain that an
asymptotically dS3 space has a metric that satisfies [10]
g+− = −e
2τ
l
2
+O(1), g++, g−− = O(1), gττ = −1 +O(e− 2τl ) g+r, g−r = O(e− 3τl ) .
(55)
The diffeomorphisms that respect these conditions are given in terms of functions
ξ+(z+) and ξ−(z−), and take the asymptotic form [10]:
z+ → z+ − ξ+ − l
2
2
e−
2τ
l ∂2−ξ
− (56)
z− → z− − ξ− − l
2
2
e−
2τ
l ∂2+ξ
+ (57)
e
τ
l → e τl + e
τ
l
2
(∂+ξ
+ + ∂−ξ
− ) (58)
To understand the meaning of these diffeomorphisms, consider the metric γµν induced
on an equal time surface of large τ in (4). To leading order in τ , (56) and (57) produce
a conformal transformation of this metric. The resulting conformal factor in γµν is
undone by the effective Weyl transformation induced by (58), leaving the leading
asymptotic metric unchanged [10]:
ds2 → −dτ 2 + e 2τl dz+ dz− + l
2
2
(∂3+ξ
+)(dz+)2 +
l2
2
(∂3−ξ
−)(dz−)2 (59)
We learn from this that the asymptotic symmetry group of dS3, subject to the bound-
ary conditions (55), is the two dimensional Euclidean conformal group, which contains
the isometries discussed above as a subgroup. Indeed, the detailed analysis of Brown
and Henneaux [38] can be formally analytically continued to arrive at a Virasoro
symmetry algebra, but we will not present the details here. Clearly, a similar analysis
can be carried out to show that there is a conformal group of asymptotic symmetries
at past infinity also.
In summary, the asymptotic symmetry group of de Sitter space is the conformal
group. Interestingly, time translation in the inflating patch of de Sitter space is related
to the dilatation generator of the conformal group. Explicitly, the isometry generator
(50) in the static patch shows that a dilatation of the boundary can be undone by a
time translation. It is also illuminating to rewrite the isometry generators (49)–(51)
using the conformal time introduced in (4). They become:
L−1 = −∂z ; L0 = −η
2
∂η − z∂z ; L1 = −zη ∂η − z2∂z − η2∂z¯ (60)
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It is then clear that as η → 0, reaching the boundary of de Sitter, the isometries reduce
to standard conformal transformations of the plane, while L0 and the conjugate L¯0
generate dilatations of the boundary. As we will see later, if there is a holographic
dual to de Sitter space, this leads to a correspondence between the renormalization
group of the dual and time translation in de Sitter.
We will compute the central charge of the asymptotic conformal symmetry us-
ing the methods of [30]. We have shown in this section that there is an asymptotic
group of conformal symmetries. However, as we will see, the action (7) is not left
invariant by these conformal transformations; there is an anomaly produced by the
procedure of cutting off the space to regulate divergences and then removing the cut-
off. (This anomaly is intimately connected to the logarithmic divergences discussed
below (9). Such divergences and the resulting conformal anomlies were discussed for
asymptotically AdS spaces in [29, 32].) The stress tensor (12) computes the change
in the action to variations of the boundary metric. Hence we can measure the central
charge of the conformal symmetry group of dS3 by computing the anomalous trans-
formation of this stress tensor under the diffeomorphisms (56)–(58), which produce
the transformed metric (59). We showed in (14) that the boundary stress tensor of
the inflating patch vanishes. After the diffeomorphisms (56–57), the boundary stress
tensor becomes
T++ = − l
16πG
∂3+ξ+, T−− = −
l
16πG
∂3−ξ− . (61)
Using the standard formulae for the anomalous transformation of the stress tensor in
a two dimensional conformal theory, we read off the central charge c = −3l
2G
, which has
the same formal dependence on the cosmological length scale as the central charge
of AdS3. The negative sign of c is not problematic here since we are dealing with
a classical stress tensor. If, as metioned before, we had chosen to define a stress
tensor with the opposite overall sign as (−2/√h)δI/δhµν , the resulting object would
of course have a positive central charge under conformal transformations. The same
result for the central charge is obtained by examining the trace of the stress tensor
in global coordinates as t → ∞ (15). Remembering that T = −(c/24π)R, where R
is the scalar curvature of the spherical boundary, we again find c = −3l/2G.
The analysis outlined above can be repeated in four and five dimensions. We can
compute the Brown-York stress tensor on the spacetime boundary, and the anomalous
variation of the this tensor for five dimensional de Sitter will yield a central charge.
However, the absence of such an anomaly for four dimensional de Sitter prevents use
of this tool in that case. All computations proceed in analogy to those in [30].
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4.3 Brown-York, Cardy and Bekenstein-Hawking
The Kerr-dS spacetimes ((35) have cosmological horizons giving rise to a Bekenstein-
Hawking entropy [39, 40, 41]
SK−dSBH =
√
2πl
4G
√√√√
(8Gm) +
√
(8Gm)2 +
(8GJ)2
l2
(62)
In particular when J = 0, the horizon is at r = l
√
8Gm and the entropy is S = pil
√
8Gm
2G
.
As illustrated in previous sections (also see [33, 9, 10, 15]) there is an asymptotic con-
formal algebra in dS3 in detailed analogy with the AdS3 symmetry algebra uncovered
by Brown and Henneaux [38]. Therefore, if there is a holographic dual to de Sitter
space, we might expect it to be a Euclidean conformal field theory [9, 10]. Alterna-
tively, the dual theory might be in fact a Lorentzian conformal field theory with a
Euclidean signature Virasoro algebra. In addition, Strominger has emphasized that
the results of Brown and Henneaux can be understood as saying that states of any
well defined quantum gravity on AdS3 transform in representations of the conformal
group, and that the same applies to dS3.
If there is a duality between de Sitter space and a CFT it is not yet on a solid
footing – we neither know how to realize de Sitter space in string theory, nor how
the gravitational data could be related to a dual. However, it might be natural to
suppose that in analogy with AdS, the dS stress tensor is related to the stress tensor
of a dual. Indeed, the actual definition of spacetime conserved charges in (17,18,19) is
in formal analogy to the standard definition of conserved charges in a Euclidean CFT.
In effect our treatment excises a point on I+ where the static patch meets future or
past infinity and the contour integral in (17) is carried out around this point. We
might imagine that from the perspective of a dual theory the operator responsible for
creating the spacetime state is placed at this excised point and our formula computes
the charges of the state after mapping the plane to the cylinder.
However, in making such an identification there are several subtle issues. First of
all, there are various possible sign flips that may be relevant. For example, if we want
to follow the radial quantization analogy given above, the Euclidean time coordinate
obtained by continuation out of the static patch flows in the wrong direction at I+.
(After mapping to the plane it flows towards the radial origin where the operator on
I+ would be inserted rather than towards radial infinity.) For similar reasons, CFT
stress tensors on I+ and I− that describe the same space might be related to our
dS stress tensor with opposite signs. Issues of this kind can be solved properly if an
actual technical definition of a dS/CFT correspondence is devised. Here we content
ourselves with the following tempting numerological observation.
The considerations above, coupled with Strominger’s well-known observations re-
garding the entropy of the BTZ black hole [42], suggest that the entropy of Kerr-dS
spaces could be explained by applying a Cardy-like formula to a CFT with left and
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right energy levels measured by the eigenvalues of the L0 and L¯0 conformal generators
in static coordinates, as defined in (53). From their definition, we see that these L0
and L¯0 eigenvalues are related to the mass (18) and angular momentum (19) by
L0 + L¯0 = l m ; L0 − L¯0 = iJ . (63)
Formally, this gives
L0 =
1
2
(ml + iJ) ; L¯0 =
1
2
(ml − iJ) . (64)
(Also see [10] for details relating the Brown-York stress tensor to the Virasoro gen-
erators.) When J = 0 naive application of a Cardy-like formula for the asymptotic
density of states of a unitary CFT
SC = 2π
√
|c|L0
6
+ 2π
√
|c|L¯0
6
(65)
gives the entropy
S =
πl
√
8Gm
2G
(66)
in exact agreement with the entropy of the conical defects (31) (also see [14]).6
Now observe that when that the spinning Kerr-dS spacetimes give rise to complex
eigenvalues for L0 and L¯0. A CFT whose left and right energy levels these are therefore
cannot be unitary. Nevertheless, we naively apply a Cardy-like formula (65) and find
that:
S = 2π
√
|c|(ml + iJ)
12
+ 2π
√
|c|(ml − iJ)
12
(67)
=
√
2πl
4G
√√√√
(8Gm) +
√
(8Gm)2 +
(8GJ)2
l2
(68)
The complex L0 eigenvalues suggest that the Cardy formula cannot be valid, since
it does not generally apply to non-unitary theories, but we have nevertheless exactly
reproduced the Kerr-dS entropy (62).
In fact, there is a further subtlety. The complete Cardy formula for the asymptotic
density of states of a unitary 2d CFT is:
SC = 2π
√
c
6
(L0 − c/24) + 2π
√
c
6
(L¯0 − c/24) (69)
6We have placed absolute value signs around c because in our definition of the spacetime stress
tensor c < 0. As we mentioned above there are several subtle issues in relating the signs of the
spacetime stress tensor to possible duals and one hopes that these issues could resolved given a
technical definition of a full-fledged duality. Regardless, the numerological observation made here
remains interesting.
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and we might expect large corrections when L0, L¯0 ∼ c/24. For dS3, M = 1/8G and
so L0 = L¯0 = 1/16G = |c|/24 and so it is surprising that dropping the |c|/24 shift
still gives the “right” answer for the entropy. The important point is that the entropy
of dS3 (and of the conical defects) scales linearly with the central charge. We have
in fact found that in generic CFTs with a central charge c, when L0 ∼ c/24, the
degeneracy of states behaves as
d ∼ eλc (70)
with a non-universal coefficient λ. Also, if the CFT dual to dS3 is related to the
D1-D5 CFT which was dual to AdS3, one might be able to use U-duality to show
that the formula (65) applies even when L0 ∼ c/24.
Actually, in the above discussion we have been somewhat imprecise regarding the
hermiticity conditions and reality conditions on Lk and L¯k. As one can see from
(52)-(54), the Lk satisfy the hermiticity condition L
†
k = −L¯k. On the other hand,
the eigenvalues given in (64) are not compatible with this hermiticity condition. The
reason is that conventionally, the energy or mass is the eigenvalue associated to the
operator −i∂t, while the mass is computed from the Brown-York tensor using the
∂t Killing vector. In our case, the operator −i∂t is −i(L0 + L¯0), as is clear from
(52)-(54). Therefore, we could have identified lm with −i(L0 + L¯0), and iJ with
−i(L0 − L¯0), which gives L0 = i2(ml + iJ) and L¯0 = i2(ml − iJ). At the same time,
the modes of the stress tensor as we defined it would be identified with Lk, but rather
with iLk. This implies that the central charge should have been equal to −3il/2G.
Putting these values for L0, L¯0 and c into the Cardy formula reproduces the Kerr-dS
entropy; they are also identical to the values obtained from a Chern-Simons theory
analysis by Park [13]. The central lesson to be learned here is that while relating a
Lorentzian bulk to a Euclidean boundary there are factors of i and unusual reality
conditions which will be important to understand for the definition of a possible
dS/CFT correspondence.
It is interesting to note that that similar conclusions can be reached by naively
continuing the AdS results in [42] to dS by complexifying the scale: l → il. The
central charge and L0 eigenvalues become imaginary, but conspire to correctly give
the entropies of the de Sitter conical defects in a naive application of the Cardy
formula.
Finally, the expression for the Brown-York mass of a conical defect allows us to
compute the Hawking temperature from the first law of thermodynamics
dE = TdS , (71)
and the fact that E = γ
2
8G
, while the entropy is S = γpil
2G
. (We have written γ2 = 8Gm.
By considering variations over γ we deduce that
TH =
dE
dS
=
γ
2πl
(72)
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as it should be [43, 40, 41]. In the limit when γ = 1 we obtain the correct expression
for the Hawking temperature of de Sitter space.
Banks has emphasized that the finite entropy of de Sitter leads us expect that
quantum gravity in a universe with a positive cosmological constant has a finite
number of degrees of freedom [44, 45]. It is worth examining how this might be
reconciled with the proposition that a Euclidean conformal field theory may be dual
to de Sitter, since any local field theory has an infinite number of degrees of freedom.
The picture emerged above is that de Sitter space should be described by an ensemble
of states with L0 = L¯0 = |c|/24. The finite degeneracy of such states would account
for de Sitter entropy. (This is reminiscent of [46].) Likewise, states of lower L0
contribute to ensembles that describe the classical conical defects. It this picture it
is natural that the conical defects and Kerr-dS spaces have masses smaller than that
of dS3.
But what about states with the real part of L0 > |c|/24? These correspond to
a spacetimes with mass bigger than that of dS3. Consider such a universe, which is
asymptotically dS3 at early times and in which the mass formula (18) at I− measures
a mass M > 1/8G. It is likely that such a space evolves to a singularity and is not
asymptotically de Sitter in the future. Hence, most states, having Re(L0) > |c|/24,
would not lead to de Sitter-like evolution and therefore the specification of de Sitter
boundary conditions would restrict the dual theory to a finite number of states. In
turn this imply that the conical parameter 8Gm ≤ 1.
5 Higher dimensional de Sitter and a mass bound
We can test the picture of de Sitter entropy that emerged in the previous section by
examining what our mass formula says about black holes in higher dimensions. When
d+ 1 > 3 the action (1) admits Schwarzschild-dS black hole solutions of the form:
ds2 = −V (r) dt2 + V (r)−1 dr2 + r2 dΩd−2 , (73)
V (r) = 1− 2Gm
rd−2
− 2Λr
2
d(d− 1) = 1−
2Gm
rd−2
− r
2
l2
. (74)
This space has horizons at locations where V (r) = 0.
When m = 0 we recover static coordinates for empty de Sitter space with a single
cosmological horizon at r = l and an entropy S = ld−2Vd−2/4G where Vd−2 is the
volume of the unit (d − 2)−sphere. As m increases, a black hole horizon appears,
increasing in size with m. Simultaneously the cosmological horizon shrinks in size,
pulled inwards by the gravitational attraction of the black hole. As a result there is
a largest black hole, the Nariai solution, which occurs when
m = mN =
(
1
dG
) [
(d− 1)(d− 2)
2Λ
](d−2)/2
. (75)
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For this critical choice of mass, the black hole and cosmological horizons coincide at
a radius r2 = (d − 1)(d − 2)/2Λ = l2(d − 2)/d, giving rise to a Bekenstein-Hawking
entropy of S = ld−2Vd−2(1− 2/d)(d−2)/2/4G. Spaces with m > mN have unacceptable
naked singularities. The Nariai solution can also be reparametrized as (e.g., see ([53]):
ds2 = −W (r) dt2 +W (r)−1 dr2 + (d− 1)(d− 2)
2Λ
dΩd−2 , (76)
W (r) = 1− 2Λ r
2
(d− 1) = 1−
d r2
l2
. (77)
As we noted above, the Nariai solution has a smaller entropy than that of de Sitter
space. Indeed, the sum of the entropies of black hole horizons, cosmological horizons
and matter fields cannot exceed the entropy of de Sitter space, given suitable energy
conditions on the matter [20].
We can compute the masses of the black holes (73) using (18). In four dimensions
we find that
M4 = −m. (78)
So dS4 has a vanishing mass according to our formula while the Nariai black hole has
M4 = −(1/3G
√
Λ). In five dimensions the mass formula becomes
M5 =
3πl2
32G
− 3πm
4
. (79)
(Note that this result differs in sign from [15].) So the mass of dS5 is 2πl
2/32G, and,
pleasantly, the mass of the 5d Nariai black hole is 0. This is parallel to the three
dimensional case where the biggest conical defect had a mass of zero.
If there is a CFT dual to dS4 and dS5, defined in the style of the AdS/CFT
correspondence [11, 12, 6, 7, 8, 9, 10], the masses that we have computed translate
into the energies of a dual Euclidean conformal field theory. Generically such theories
have entropies that increase with energy. Therefore, if they are also to reproduce the
decreasing entropy of larger black holes, these spaces should map into ensembles of
decreasing energy. Our results (78, 79) have precisely this property. In this regard,
the fact that the 4d masses are negative need not be worrisome because there can
easily be a shift in the formula relating energies to entropy.
It is also interesting that the numerical mass of de Sitter space in all three examples
that we have studied is the same (up to a sign) as the numerical mass of AdS spaces
in the same dimension [30]. This may be an indication that if duals to de Sitter
exist, they may be related to the duals already known for AdS spaces. Indeed, in
the Chern-Simons formulation of 2+1 gravity, intriguing relations are known between
the theories with positive and negative cosmological constants. Classical Euclidean
AdS3 gravity and Lorentzian dS3 are Chern-Simons theories of the same group, but
are endowed with different Hilbert space structures [47]. (We hope to return to this
in a later publication.)
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The total entropy of black hole and cosmological horizons can be computed in
gravity for general m. It would be interesting to test whether a Cardy-Verlinde like
expression for the asymptotic density of states of a higher dimensional CFT [48] could
reproduce this entropy.
5.1 A bound on de Sitter masses
Bousso has shown that, under suitable positive energy conditions on matter fields, the
entropy of de Sitter space is an upper bound on the total entropy that can be stored in
a space with a positive cosmological constant [20, 49]. Above we have shown that our
measure of mass increases monotonically as the entropy increases, and argued that it
would be natural to map this quantity into the energy of states in a dual field theory.
The entropy of de Sitter is then understood as the degeneracy of such states. Now,
consider a space which is asymptotically de Sitter in the past, but which has a mass
measured by (18) exceeding the mass of de Sitter. From a field theory perspective an
ensemble with this larger energy would have a larger entropy. Therefore, in view of
the de Sitter entropy bound, we conjecture that:
Any asymptotically de Sitter space whose mass as defined in (18) exceeds
that of de Sitter contains a cosmological singularity.
Note that spaces with masses less than or equal to de Sitter may still be singular for
other reasons.7
A potential counterexample to our conjecture is provided by the negative-mass
Schwarzschild-de Sitter spacetime, in which the timelike singularity always remains
within a single cosmological region. However, this space is nakedly singular and
the Cauchy problem is actually not well defined – hence it is unclear whether the
space can be admitted into consideration. In addition, small fluctuations are likely to
lead to evolution in which the singularity propagates along the null cone of the past
cosmological horizon cutting off the “lower triangular” region outside the cosmological
horizon in a Penrose diagram of de Sitter space.8
6 RG flow vs. cosmological evolution
Finally, we would like to consider the meaning of the holographic [50] UV/IR relation
[51] in de Sitter space. Our discussion is motivated by a possible dS/CFT correspon-
dence [6, 8, 9, 10] in the manner of the AdS/CFT duality [9, 10]. In analogy with
7We have mentioned several times that we could have chosen to define a de Sitter stress tensor as
(−2/
√
h)δI/δhµν , thereby reversing the sign of our mass formula. With this definition, we would be
making a positive mass conjecture: all non-singular asymptotically de Sitter spacetimes have mass
greater than de Sitter.
8We thank Rob Myers for discussions of this point.
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the AdS/CFT correspondence the prescription for the computation of the boundary
stress tensor, as presented above, leads quite naturally to the relation between the
trace of the stress tensor and the RG equation of a putative dual field theory. In
particular, the precise relation between the generators of dilatations on the boundary
and the generator of time translations in the bulk, as discussed in section 4.2, points
to a natural relation between the RG flows of a possible dual boundary theory and the
time evolution in the bulk of de Sitter space. This statement is completely analogous
to the known relation between the RG transformations and bulk equations of motion
in the context of the AdS/CFT correspondence [24, 25, 26].
In particular, consider the wick rotated “kink” solutions of [23] which were found
in the context of the AdS/CFT duality. These solutions describe spaces interpolating
between two asymptotically AdS5 spaces and are dual to well understood RG flows of
supersymmetric 4d field theories. Wick rotating these “kink” spaces produces solu-
tions that correspond to FRW cosmologies interpolating between two de Sitter vacua.
It is well known that RG flows discussed by [23] are characterized by a positive and
monotonic c-function provided that a weak energy condition is satisfied in the bulk
gravitational theory. This holographic c-function coincides with the trace anomaly
of the dual field theory, and thus can be precisely related to the trace of the bound-
ary stress tensor [26]. In our situation, we can analogously postulate a holographic
c-function determined by the expression for the trace of the Brown-York tensor and
dimensional analysis [26]. The candidate holographic c-function is proportional to
c ∼ 1
(A′)D−2
(80)
in the case of a wick rotated kink solution interpolating between two D-dimensional
de Sitter spaces, where the metric of the kink solution is
ds2 = −dt2 + eAηijdxidxj . (81)
Here prime denotes the t derivative. The asymptotic form of the wick rotated warp
factor is A =
√
Λt. Inserting this expression into the formula for the holographic c-
function gives the correct scaling of the expected number of degrees of freedom in the
asymptotic de Sitter region (essentially determined by the value of the holographic
c-function at the fixed point) with the cosmological constant Λ, as implied by the
Bekenstein-Hawking entropy formula.9
The correspondence between the RG evolution and the bulk cosmological time
evolution offers a nice reinterpretation of the monotonicity of our candidate holo-
graphic c-function from a cosmological point of view. In our scenario, the IR fixed
point corresponds to the period of inflation which is driven by a large effective cosmo-
logical constant Λinf - the number of degrees of freedom being proportional to 1/Λinf ,
9These observations were originally made in collaboration with Petr Horava.
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in 4d. On the other hand, the UV fixed point corresponds to an asymptotically de
Sitter space with a small positive cosmological constant Λobs (as implied by current
observational data). This in turn, according to the relation between the c-function
and the cosmological constant, corresponds to a large number of degrees of freedom
proportional to 1/Λobs. Indeed, this is consistent with a holographic c-theorem ac-
cording to which cUV > cIR.
In the AdS/CFT correspondence, radial flow of the bulk spacetime solutions cor-
responded in the dual field theory to RG flow [24, 25, 26]. Here we are proposing a
relationship between the RG flow of a putative holographic dual to de Sitter and time
evolution. In a theory of gravity, the bulk Hamiltonian is zero, and so this is really a
map between a holographic RG equation and the Hamiltonian constraint of the bulk
gravitation theory, which at the quantum mechanical level becomes the Wheeler-de
Witt equation. (The correspondence between boundary dilatations and bulk time
translations is also an example of the space-time uncertainty relation [52].)
More precisely, following the treatment of holographic RG flows in asymptotically
AdS spaces, we fix the gauge so that the bulk metric can be written as
ds2 = −dt2 + gijdxidxj (82)
The Hamiltonian constraint reads
H = 0 (83)
where in the case of 5d bulk gravity
H = (πijπij − 1
3
πiiπ
j
j ) +
1
2
πIG
IJπJ + L. (84)
Hereπij and πI are the canonical momenta conjugate to g
ij and φI (φI denotes some
background test scalar fields). L is a local Lagrangian density and GIJ denotes the
metric on the space of background scalar fields.
As in the context of the AdS/CFT duality [25], the Hamiltonian constraint can
be formally rewritten as a Callan-Symanzik equation for the dual RG flow
1√
g
(
1
3
(gij
δS
δgij
)2 − δS
δgij
δS
δgij
− 1
2
GIJ
δS
δφI
δS
δφI
) =
√
gL, (85)
provided the local 5d action S can be separated into a local and a non-local piece
S(g, φ) = Sloc(g, φ) + Γ(g, φ). (86)
In that case the Hamiltonian constraint can be formally rewritten as a Callan-
Symanzik RG equation
1√
g
(gij
δ
δgij
− βI δ
δφI
)Γ = HO (87)
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where HO denotes higher derivative terms. Here the “beta-function” is defined (in
analogy with the AdS situation) to be βI = ∂Aφ
I where A denotes the cut-off of the
putative dual Euclidean theory.
In (80) we proposed a holographic c-function for asymptotically de Sitter spaces
taking a special form. More generally, in analogy with the AdS/CFT correspon-
dence [26], the holographic c-function can be related to the extrinsic curvature, or
equivalently, to the trace of the Brown-York tensor. In a five dimensional bulk space
we would have
c ∼ 1
Gθ3
. (88)
Here, as we have seen
< T ii >∼ θ. (89)
up to some terms constructed from local intrinsic curvature invariants of equal time
surfaces. The RG equation is given by the conformal Ward identity for the trace of
the stress tensor
< T ii >∼
dΓ
dA
= βI
∂Γ
∂φI
. (90)
The Raychauduri equation then implies the monotonicity of the trace of the Brown-
York stress tensor
dθ
dt
≤ 0, (91)
as long as a form of the weak positive energy condition is satisfied by the background
test scalar fields. This in turn guarantees the fundamental monotonicity property we
would require of a holographic c-function.
Finally, there might be a holographic reinterpretation of the known gravitational
instabilities of de Sitter space [53]. One might speculate that the splitting of a de
Sitter space into two asymptotically de Sitter spaces [53], could be described by adding
non-linear terms in the Wheeler-de Witt equation. It is tempting to conjecture that
some non-linear version of the Wheeler-deWitt equation can be related to the fully
non-linear Wegner-Wilson-Polchinski [54] non-perturbative RG equations. This in
turn might imply an interesting revival of the wormhole ideas [55] in the context of a
possible dS/CFT correspondence.
7 Discussion
In this paper we have computed the Brown-York boundary stress tensor of asymp-
totically de Sitter spacetimes and used it to define a novel notion of mass and con-
served charges. We were motivated to carry out this procedure in order to study the
prospects for a duality between quantum gravity on de Sitter space and a Euclidean
field theory defined on the spacelike surfaces at I±. The quantities we compute would
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be the stress tensor and charges of the dual theory, if such a theory were defined for
de Sitter in a manner analogous to the AdS/CFT correspondence [9, 10, 8, 6, 12].
Several interesting results have emerged. In all dimensions, we found that classical
objects like black holes placed in a world with a positive cosmological constant have
masses less than the mass of de Sitter space itself, and we conjecture that all non-
singular asymptotically de Sitter spacetimes have mass less than de Sitter.10 These
facts make it possible that the entropy of asymptotically de Sitter spacetime could
be explained from the density of states of a dual field theory at an energy level equal
to the mass that we measure. Indeed, our mass formula is strongly reminiscent of
the definition of energy in a Euclidean conformal field theory. What is more, in
three dimensions we showed that naive application of a Cardy-like formula exactly
reproduced the entropies of the Kerr-dS spacetimes, as also observed in [13, 14].
However, despite this naive agreement, there are two important issues that need to
be addressed – there are indications of nonunitarity (e.g., the L0 eigenvalues are
complex in general), and there is a puzzle regarding neglect of the Casimir energy
contribution to the asymptotic Cardy formula.
Our results might be regarded as preliminary evidence that a Euclidean CFT dual
to de Sitter space could exist. At first sight, this not seem to jibe with the philosophy,
advocated particularly by Banks, that the finite de Sitter entropy requires a finite
dimensional Hilbert space [44, 45]. However, in the picture advocated above, the
finite entropy emerges because de Sitter space has a particular mass and only states
of quantum gravity with this energy contribute to the entropy. This observation,
and Bousso’s de Sitter entropy bound [20], lead to a conjecture: Any asymptotically
de Sitter spacetime with mass greater than that of de Sitter develops a cosmological
singularity. In effect, even if the Hilbert space is formally infinite dimensional, the
space of initial data giving rise to de Sitter like evolution may be finite dimensional.11
The emerging picture is that Euclidean conformal field theories do contain infor-
mation about asymptotic de Sitter spaces in various sectors. A fascinating possibility
is that these Euclidean theories are related to the Euclidean conformal field theories
that appear in the AdS/CFT duality. Evidence in favour of this was presented in [8]
where it was argued that some Euclidean de Sitter spaces have dual descriptions as
sectors of the CFTs dual to AdS spaces. Further evidence, from the Chern-Simons
description of 3d gravity, appeared in the work of Witten [47]. In this work, de
Sitter and anti-de Sitter gravity were related by a change of the Hilbert space struc-
ture in the same underlying Chern-Simons theory. In our case, we would define a
Hilbert space structure formally by cutting open the path integral of the euclidean
field theory dual to euclidean anti-de Sitter. The natural conjecture is that choosing
10We could have chosen the opposite overall sign for our definition of a stress tensor and mass for
de Sitter in which case we would have a conjecture that all non-singular asymptotically de Sitter
spacetimes have masses greater than or equal to de Sitter.
11We thank Tom Banks and Raphael Bousso for discussions on this issue.
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a non-canonical Hilbert space structure would yield a dual to Lorentzian de Sitter. It
is very tempting to adopt this idea as a working hypothesis in trying to unearth the
more precise relation between de Sitter spaces and Euclidean conformal field theories.
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